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Abstract. Staring from the phase-space generating functional of the Green's function for
a constrained Hamiltonian system, the canonical Ward identities under the global symmetry
transformation in phase space is deduced, The local transformation connected with this global
symmetry transformation is studied, the conserved charges are obtained at quantum level
if the effective canonical action i1s symmetric (the consiraints are also invariant under the
transformation) and, therefore, the canonical Noether theorem in the quantum case is obtained.
The generalized canonical Ward identities under the local transformation has been deduced. We
give a preliminary application to a system of interacting polaron with photon. The conserved
charges and Ward identities for proper vertices are obtained, but we do not carry out the
integration over the canonical momenta in the phase-space generating functional as usually
performed.

1. Introduction

The connection between continuous symmetry and conservation laws is usually referred to
as Noether's theorem in the classical theories. All of these discussions are based on the
examination of the Lagrangian in configuration space and the corresponding transformation
expressed in terms of Lagrange’s variables. The system with a singular Lagrangian is
subject to some inherent phase space constraint which is, in fact, a constrained Hamiltonian
system (Sundermeyer 1982). The generalization of Noether's theorem to a system with
singular Lagrangian in terms of canonical variables was discussed by Li and Li (1991) and
Li (1991).

Ward identities (or Ward-Takahashi identities) and their generalization play an important
role in modern quantum field theories (Ward 1950, Takahashi 1957, Slavrov 1972, Taylor
1971). They are wseful tools for renormalization of field theories and calculations in
practical problems (for example, in QCD). Ward identities have been generalized to the
supersymmetry (Joglekar 1991) and supersiring thecries (Danilov 1991) and other problems.
All these derivations for Ward identities in the functional integration method are usually
discussed by using a configuration-space generating functional (Surra and Young 1973,
Lhallabi 1989) which is valid for the case when the integration over canonical momenta
belongs to the Gauss- or Feynman-type category. Phase-space path integrals are more basic
than configuration-space path integrals; the latter provide for 2 Hamiltonian quadratic in the
canonical momenta, whereas the former apply to arbitrary Hamiltonians. Thus, phase-space
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form of the path integral is a necessary precursor to the configuration-space form (Mizrahi
1978). While the phase-space generating functional cannot be simplified by carrying out
explicit integration over the canonical momenta, even if the integration over the momenia
can be carried out, the effective Lagrangian sometimes shows singularity with a § -function
(Lee and Yang 1962, Gerstein et al 1971, Du et af 1980). Especially for the constrained
Hamiltonian system with complicated constraints, it is very difficult or even impossible to
carry out the integration over the canonical momenta (Nishikawa 1993), The properties
of the generating functional in phase space under local transformation of the canonical
variables was discussed and the canonical Ward identities in phase space deduced by using
these transformation properties in Li (1994a—).

In this paper the canonical quantal symmetry for a constrained Hamiltonian system will
be further studied. Based on the phase-space generating functional of Green's function for
a system with a singular Lagrangian, the generalized Ward identities under global and local
transformation in phase space are deduced. The local transformation corresponding to the
global symmetry transformation is considered and the conserved charge is obtained at the
quantum level if the effective canonical action is symmetric and the constraint conditions
are invariant under those transformations. Thus, the canonical Noether’s theorem in the
quantum case is also deduced. We have generalized the canonical Ward identities to a more
general case for the local transformation. We give a preliminary application to a system
containing phonons, electrons and photons which can be described in terms of a singular
Lagrangian; the conserved charges and generalized Ward identities for proper vertices are
deduced.

2. Global symmetry and canonical Ward identities

Consider a system described by the field variables ¢%{x) (& = 1, 2, ..., n), where @ denates
an index for different fields or different components of a field. The Lagrangian of the field
is L(g", ¢,) where ¢, = 8,9% 8, = 9/0x* and x* = (t,X ). For a system with a
singular Lagrangian whose e¢xtended Hessian matrix is degenerate (Sundermeyer 1982),

Due to the singularity of the Lagrangian, the motion of this system is restricted
to a hypersurface of the phase space, determined by a set of constraints. Let Ay
k = 1,2,...,K) be the first-class constraints and 6; (/ = 1,2,...,I) be the second-
class constraints. The gauge conditions associated with the first-class constraints are £
(k = 1,2,...,K). The phase-space generating functional of Green's function for this
constrained Hamiltonian system is given by (Li 1994a)

ZlJ, K= f D™ D1t [ 560)8(A0)S(S) det Ay, u}I[det {6, 6,117
ikt

X eXp {i[ﬂ’ + f d*x (Ju0® + K"‘m,)] } (la)

Using the &-function and integral properties of the Grassmann variables C;(x) and Cy(x),
one obtains

Z[J, K] = f D" Dy DA DCIDC cxp{i[lfﬁ-i- f d*x (Jop® + K"’m,)]} (1b)
where

= fd‘*x Lo = fd“x {LP + A8 Al + M
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+ f d*y [Cr () Ak (), UONCI(Y) + 3 ()16 (x), 6;(NIC; (y)]]
and the canonical action is
IP = f d*x LP = f d*x (% — He) (3)

where the m, are canonical momenta conjugate to ¢%, m, = 3L/8¢*, H. is a canonical
Hamiltonian of the system, A;(x), Ax(x) and A;(x) are multiplier fields, A, = (X;, Ag, Ap)
and {, } denotes the Poisson bracket. We have introduced the exterior sources J, and K®
with respect to the ¢* and m,, respectively, which does not alter the calculanon of Green’s
functions. For the sake of simplicity, let us denote ¢ = (g%, An, C%, N, 7 = (m),
J = (Ju), K = (K,) and IP = IF.. Thus, expression (1) can be written as

ZIJ, K] = f DoDr exp{i[fp + f d*x (J¢ + Kn')]}. )

For a system with a regular (non-singular) Lagrangian, the effective canonical action is
given by (3).

Let us consider a global symmetry transformation in extended phase space whose
infinitesimal transformation is given by

% = x* 4 Ax¥ = xP 4, T (x, ¢, T)

@' (x") = ¢(x) + AP (x) = ¢(x) + &, 57 (x, ¢, ) 3
TN =mx) 4+ Arx) =)+ &, T (x, ¢, )

where g, (¢ = 1,2, ..., r) are infinitesimal arbitrary parameters and 7#¢, 8§ and T< are
some functions of x, ¢ (x) and w(x). The conformal and internal transformations are special
cases of the transformation (5). Under the transformations (5}, the variation of (effective)
canonical action is given by (Li 1993a)

8I°
SIP = fd"'x [ 56 (Ad — ¢, AX") + —(Aﬂ' T AxH)

+3,¢[(JT¢'J — H)Ax*] 4+ Dir(Amr — D Ax'”)]}

Ie
fd“x a,[—(s" ¢..T"°) + %;(T" -, T

+3,[(rd — HIT* 1+ D(m(5° ~ ¢.J"")]} (6)
where D = d/dt, and

3P SH, §I* . 3H,

Y o 2T M

It is supposed that the Jacobian of the transformation is equal to unity, The phase-space
generating functional (4) is invariant under the transformation (5). Thus, we have

ZIJ, K] = f D¢Dx exp {i(ﬁ’ +48I%) + if d*x (Jo+ En + 8, J(5° — ¢, TH)

+e, K(T° —?T‘HTM)+803#[(J¢+KH)TW])}. t))]
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If the (effective) canonical action is invariant under the transformation (5), §IP = 0, and
from (8) one obtains

211,k = f D¢Dxcxp{i|:lp+ f d*x (J¢+Krr):|}(1+i£,, f d*x (J(S° — ¢, T)

+E(T? —=m T+ 3,[(Jo+ KTE)TM]})

= (1 +ig, fd“x {J(S" __Tu,a#;}_) + K(T" -’T““3u3%)

)

Consequently, we obtain the following results. If the (effective} canonical action is invariant
under the transformation (5) in the extended phase, then, the phase-space generating
functional of the Green’s function satisfies the equation

é 8
4 T a __ na
fdx{J(S" 7 3#“)+K(T 7 3,,,—-—8 )

8 8
[T =+ K— Z[J, K] =0. (10)
TR 951 | R

Expression (10) can be called the canonical Ward identities under the global symmetry
transformation in phase space.

For the internal symmetry transformation 7% = 0; in this case expression (10) can be
written as

4 o i i L4 _8_ ...é_ =
fdx [J(x)S (x, =7 iSK) + Kx)T (x, 57 iaK)] ZiJ.K]1=0. (11)

3. Conserved charge in the quantum case

ZIL K. ®

3 4
¢—>maﬂ—’ﬁ

The connection between the canonical continuous symmetry and conservation laws is usually
referred to as the canonical Noether's theorem in classical theories (Li 1993a). In this paper
the realization of a canonical symmetry (especially global symmetry) for a constrained
Hamiltonian system at the quantum level is studied.

Let us start from a classical canonical action, invariant under the transformation (5).
Then we guantize the system. This means that not only is the classical trajectory allowed,
but also all of the possible paths, each one with its own weight. We take the classical
canonical action and insert it into the phase-space generating functional (4). In the functional
formalism we may make use of the local transformation in extended phase space:

IW =x* 4+ Ax# = x* +50(x)pr(x' é,7)

¢'(x') = p(x) + AP (x) = ¢(x) + 4 (x)S7(x, ¢, ) (12)
7Y =ax)+ Ar(x) =)+ e )T (x, &, )
where £,(x) (o = 1,2,...,r) are infinitesimal arbitrary functions and they will vanish

on the boundary of the time-space domain. Under the transformation (12) the variation of
canonical action is given by

8I° oy S o o
6IP=fd4xaa(x)[$(S"—¢,#T” )+ s_:r(T —m T
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+3,[($ — HIT* 1+ D= (5° — ¢,“T‘“’)]]

+ f dx ([ — HT# 18,8,(x) + =57 — ¢, T )De, (x)}. (13)

Because the canonical action is invariant under the global transformation (5), then the first
integral in expression (13) is equal to zero. According to the boundary condition of &, (x),
expression (13) can be written as

SIP = [d4x {[(rd — HYT# 18,80 (x) + (57 — ¢, T* )D&y (x)}

- - f 3 85 (N8, [ — Ho)TH*] + DIT(S” — 6, TH)]). (14)

The phase-space generating functional (4) is invariant under the local transformation (12)
and, hence, leads to

Z{J, K} =f®¢vmxp[ifd“x g —H.+ T+ Krc]}

x(l -1 f d*x £ (X){B.l(md — HIYT™ ) + Dim(S” = ¢, T*))
—J(S® =, T*) — K(T° — = ,TH))

+i [ d*x 8, [(Jo + Km)es (.r)T‘““]). (15)

We functionally differentiate (15} with respect to &, (x), and set all exterior sources equal
to zero, i.e. J = K =0, and obtain

f DD {3,[(n — Ho)TH'] + DI (S” — ¢, TN exp {i f dhx (rd — Ha} =0

(6 =1,2,...,7). (16)
It follows that
OT*{3,[(x — Ho)TH ]+ D{r(S” — ¢, T+ )}0) =0 o=12,...,r. (17

The symbol T* stands for the covariantized T product (Surra and Young 1973).
Expression (17) can also be written as

3, {0|T[(mp — H)T#°1|0) + DO|T[7(S” — ¢, T*")}|0) = 0 (e=12,...,r).
(18)

We now take a cylinder in four-dimensional space, the axis of which is directed along
the ¢ axis and the upper and lower bottom V| and V; are two like-space hypersurfaces t = 4
and ¢t = rp respectively. If we assume that the fields approach zero rapidly enough, then
taking the integral of (18) on this cylinder, from Gauss’s theorem of four-dimensional space
we can neglect the contribution to the boundary of the infinite cylinder connecting V} and
Va. Thus, we have

f &Ex {01T{n 8 — ¢, T*° — H.TH°]|0} = constant (¢ =1,2,...,5). (19)
v

Equation (19) expresses the conserved charge at the quantum level connected with the
classical canonical Noether theorem in phase space (Li 1993b}, which means that the integral
in three-dimensional space of the expectation values of some operators on the ground state
is equal to a constant. These results hold true for the anomalies-free theories.
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For a system with a singular Lagrangian, (19) holds true on the constrained hypersurface
if the canonical action and constraint conditions are invariant under the transformation (12).

The advantage of the above derivation for conserved charge is that one need not simplify
by carrying out explicit integrations over momenta in the phase-space generating functional.
In the general case this cannot be done, and the phase-space generating functional cannot
be represented in the so-called Lagrangian form, i.e. in the form of a functional integral
only over the ‘coordinates’ of the expression containing a certain effective Lagrangian in
configuration space.

4. Local transformation and generalized canonical Ward identities

Let us now consider a functional integral

Z:J, K] = f D¢Dr F(p, ) exp[i[1P+ f d*x (J¢ + Kn)” (20)

where F(¢, ) is a functional of the variables ¢ and m. For the case J = K = 0, the
expectation value of the operator F on the ground state is given by equation (20). If one
takes the product of the fields ¢(x), F = ¢(x1)¢(x2)-- ¢ (x,) for F, one can obtain the
Green’s function from (20).

Consider an infinitesimal local transformation in an extended phase space:

x# = x* 4 AxF = x* + R¥e(x)

$'(x') = p(x) + Ad(x) = ¢(x) + Sp€” (x) (21)
m(x) = a(x) 4+ Ar(x) = 7a(x)+ T,2%(x)
where &% (x) (o = 1,2, ..., r) are infinitesimal arbitrary functions, the values of &% (x) and
their derivatives on the boundary of the time-space domain vanish, and
R = A5 Pa,q Sa = B3, T, = C;™8ym)
U(n) = V.- A.p av(n} = 8”alu ... alap (22)
[ ——

n

where A, B and C are functions of x, ¢ and w. The Jacobian of transformation (21) is
denoted by J[¢, 1, £]. Owing to the boundary conditions of £°(x), the functional integral
(20) is invariant under the transformation (21), which implies

82r|  _,
de” S"=0_ '

From (6) and (20) one obtains the generalized canonical identities in phase space:
&F &F ~ SF are
0
T,
2+ 5:(55) ~ Re(om3g) + (3 ) - Re () +5(755)
- s®° o IP = arp e
—IR";‘( '#FE) +|Ty (F-a;-) —le(Jr'#FE) +ng(FJ)

—iRE(p FI) +iT,(FK) — iﬁg(:rr,pFK):l

Zp[1,K]=0 (23)
¢‘*T“j-n""‘;i!‘g'

where

70 = 8J[¢, m, £
o Se7

=0
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In the above expressions we have used J[¢,x,0] = 1. The ﬁg, 5, and f}, are adjoint
operators with respect to R¥, S, and T, respectively (Li 1987). For the case F = 1, the
generalized canonical Ward identities (23) converts to the Ward identities in phase space
(Li 1994a).

5. An application

As an application of the previous results, we study a system of interacting polaron
and photon. The polaron is basic to the Bardeen-Cooper—Schirieffer (BCS) theory of
superconductivity of metals. A Lagrangian which describes the electron-photon (polaron)
interaction was proposed in 1 4 I-dimensional space by Rodriguez-Nunez (1990). Now
a case involving an electromagnetic field will be discussed, The inclusion of an
electromagnetic field can be done by requiring that 8, — 3, — ied,. Also, we can add
the electromagnetic invariant %FMF*“’, where Fy,, are the usual eiectromagnetic tensors
Fy, = 8,A, — 8,A,, and A, (x) represents an electromagnetic field. The Lagrangian for a
system of interacting polaron and photon in 1 + 3-dimensional space can be written as

1 . . 1 L
L= ~3 FuyF¥° 4 g [1(30 —ieAp) + E(V —ieA )2:| ¥

|
+§[p(aoq)2 —5(%q)*1 — Ggy*y (24)
where ¥ (x) represents the electronic field, ¢(x) represents the phononic field, A,(x} =

(Ap(x), A (x)), and p, § and G are parameters (Rodriguez-Nunez 1990).
The canonical momenta 7y, 7y+, T, and 7* conjugate to ¥, ¥*, g and A, are

dir oY+
oL (2)
JT=_“=‘OQ.' J'I'”'=—.—==—F0""
LY 34,
respectively. The canonical Hamiltonian density of the system is given by
He = My + g™ + mpd + 744, — L
1 1 1 .o
= =n? — A% + - FuFy ~ el Ag¥ — —¥"I(V —ie A )21y
2 4 2m
+ 224 5 (VeY + Gavry (26)
207 T2 THAV Y
The primary constraints are
6 =my —iy*~0 (27
6; = Ty = O (28)
Ay = Mg =~ Q. (29)
The total Hamiltonian is given by
Hy= chx(Hc + hify + hafz + A3Ag) (30)

where A(x), A(x) and A3(x) are Lagrangian multipliers. The stationary condition of the
primary constraints 8; (i = 1, 2), {6;, Hr} & 0, yield the equations

1 - —
iy & ey Ag + %[V%* +ieVy*t 4 +ieV . (v* A ) —e? A%y - Gy (31)
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Ay A —er Ag + %[V%’J — eV (Y A)—~ eVy. A —e?Ay] + Ggy. (32)

Equations (31) and (32) fix the Lagrangian muitipliers, but do not produce additional
constraints. The stationary condition of the primary constraint Ay, {A,, Hr} = 0, yields the
secondary constraint

X =dm + ey 0. (33)

The stationary condition of this secondary constraint does not produce another constraint.
From the linear combination of the constraints #;, &; and x, one sets

Ag = x —ie(Y8) — ¥*62) = O;m; — te(Prmy — Yrays) = 0. (34)

It is easy to check that A, and A are first-class constraints and that 6; and &, are second-
class constraints.

We adopt the guantization of path integrals. For each first-class constraint a gauge
condition should be chosen. Comnsider the Coulomb gauge

Q= 8;4; = 0. (35)
For consistency of $23, this has to be 8522 & 0, and we may take another gauge condition
Qy = & + 8,84~ 0. (36)

The factors det |{Q,, Ag}] and det[{6;, 6;}| are independent of field variables. Thus, we
can omit this factor from the generating functional (1a). Hence, the phase-space generating
functional for a system of interacting polaron and photon is given by

Z[Ja K] = Z[‘Iﬂ-’ Kp:nga Kl1 ;; K27 I, K3; V! X, Y}
= f DA, Dt Dy DryDy* Dy DgDuDwDy

X exp [i[d“x (Lo + J*A, + K¥my + 8¢ + Kimy + L% + Komye
+ng + Ksmy + Vit + X + Y,-v,-]}

= f D¢Dr exp {i f dx L0+ T+ K:rr]} (37

where

¢ = (A,u' '}ff' ’9"*- q:“oms U) 1 =(Ku,ﬂ¢,ﬂ¢t,ﬂq)
J = (‘I#.: 5,1,', n, Vka X!v Yt) K =(K#’KI!KL K3) (38)

Lo = gl + Ty ¥ + Mg + P Ay — Mo+ prde + oS0 + vi6y

and py = pp(x), @ = w(x) and v; = v;(x) are multiplier fields.
The (effective) canonical action is invariant under the global gauge transformation

P = e y(x)  my(n) = e myp(x). (39)
From (19) we have the conservation law of charge

O=c¢ f d&*x {0|¥*¥[0) = constant. (40)
v

Similarly, from the translation invariance of time-space, one can obtain the conservation
law of energy at the quantum level,
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Now let us consider the local transformation in phase space:
AL (x) = Au(x) + Bu5(x) 7% (x) = w#(x)
¥/ (x) = exp(—is(x))¥ (x) 7y (x) = exp(is(x))my (x) (41)
P (x) = expleCNY*(x)  mpa () =y (x).

The Jacobian of the transformation (41) is equal to unity. The generating functional (37) is
invariant under the transformation (41).

Let us set F(¢,7) = 1 in (23). Thus, in this case the generalized canonical Ward
identities (23) become

fD¢Dﬂ[V2wg =" — ik sy + iKer]exp{i/d‘*x [Cgﬂ+ Jo+ KJr]].-:O (42)
or

[st_i_;_au ,§E+;_—+K6K]Z[J,K]=O. (43)

Lei Z[J, K} = exp{iW[J, K]}, thus, expressmn (43) can be written as

[VEE%—BHJ”W' 55 +; [ ]W[J1K1=0- (44)

3

Using a functional Legendre transformation (Li 19943.), one obtains

¢, m]l=W[J, K]~ fd‘*x (J¢ + Kn) (45)
W &r
o ${x} oG —J(x) (46a)
W ar
m = (x) 5700 = —K{x). (46b)
Hence, expression (44) can be written as

ar or
wm) v )swu "’”aw*(xﬁ e

‘We functionally differentiate (47) with respect to ¢*(x;) and i (x2) respectively, and set all
fields equal to zero, ie. Yy =y¥" =ny = A, =nf =¢g=m,=pu=w=v =0, to obtain

Van(x) + 8% ( =0. 47

“ 810} 50t —x2) il 80 — xa) 8T10]
% S (23089 (x2)6 AR (X)) L S ()8 Y (x3) LT s )Y ()

(48)

Expression (48) indicates that there are some relationships among the propagators and proper
vertices. Differentiating equation {47) many times with respect to the field variables, one
can obtain various Ward identities for proper vertices in phase space.

If one takes £(x} = gog(x) in equation (41), where £y is an infinjtesimal parameter,
then this transformation is a special case of the global transformation (5). The canonical
Ward identities (11) for a global transformation in this case can be written as

5138
fd‘x [.I"B —-l<’_;'-—%_ +h_’,'-—+ K1§K—1 —Z[J*, K, .E K ¢ Ko K3, V, X, Y] =

(49}
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Since the Hamiltonian is quadratic in canonical momenta, the integration over the
canonical momenta in (37) can be performed and the effective Lagrangian in configuration
space can be obtained which contains a gauge-fixing term in the Coulomb gauge. The Ward
identity (48) can also be derived by using a configuration-space generating functional (Li
and Xie 1993).

6. Conclusion and discussion

The canonical symmetry for a system with a singular Lagrangian at the quantum level is
studied. The canonical Ward identities under the global and local transformation have been
deduced. The canonical Noether theorem at the quantum level is also obtained. For a
constrained Hamiltonian system the effective canonical action is different from the classical
action. The existence of conserved quantities is required so that the classical canonical action
is symmetric and the constraint conditions are preserved in the constrained hypersurface
under the corresponding transformation. To illustrate the above considerations, a Lagrangian
of interacting polaron and photon in I + 3-dimensional space is proposed. The conserved
charges and Ward identities for proper vertices have been obtained.

The above formulation is based on the path-integral quantization formalism following
the Faddeev (1970) and Senjanovic (1976) procedure, in which we have introduced the
exterjor sources for canonical momenta. The most general, different quantization scheme
is that proposed by Batalin and Vilkovisky (1977} and Fradkin and Vilkovisky (1973)
(BFV procedure), who developed a canonical approach to Becchi-Rouet-Stora (BRS) or
Becchi-Rouet-Stora—Tyutin (BRST) quantization (Henneaux 1992). According to the BFv
procedure, one introduces the Lagrangian multiplier fields for first-class constraints along
with its corresponding canonical momenta, and introduce the Fermionic ghost fields together
with their respective canonical momenta. In the enlarged phase space all the canonical
variables are treated as dynamical variables. The functional integral can be formed once
the conserved BRST charges have been found and the Fermi function has been chosen.
For the case of interest, the BFvV approach is equivalent to a simpler approach based on the
construction of the BRS (or BRST) Hamiltonian associated with the effective Lagrangian
obtained after fixing the gauge in the configuration-space generating functional, and using
the Faddeev-Popov trick through a transformation of the generating functional in this gauge
{Abdalla er al 1991). It has been iliustrated by concrete examples that, after integrating over
all canonical momenta, the expression for the phase-space generating functional of Green's
function for a constrained Hamiltonian system which has been obtained by the canonical
quantization given by the Faddeev and Senjanovic procedure, can also be written in the
form of a configuration-space generating functional containing a certain effective Lagrangian
{Sundermeyer 1982, Gitman e al 1990). Thus, one could verify that our formulation for
the case when the integration over canonical momenta in the generating functional can
be carried out is consistent and equivalent to the formulation obtained through canonical
BRST quantization of an interesting system (Li 1994a~¢), The advantage of our derivation
is that one does not need to carry out the integration over the momenta in the phase-space
generating functional of Green’s function as usually necessary; in the general case this
integration cannot be carried out.

The application of our results to Yang-Mills theory can proceed in the same way as
discussed in section 5. The effective canonical action and the constraint conditions are
invariant under scale transformation for ghost fields (Li 1994a):

Cix) = °C%x) C'(x) = e~ ?C () (50)
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where 8 is a constant even parameter. The conserved ghost charge at the quantum level
can be obtained as

Q.= f Ex (O|T*[w(3 %82 + £2 A%)C1|0) = constant 51
14

which coincides with the results obtained by means of the so-called effective action theories
(Gitman ez af 1990).
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